CONNECTIVITY OF TOPOLOGICAL LATTICES ELDON DYER AND ALLEN SHIELDS
In this note we show that compact connected topological lattices have strong acyclicity properties, both globally and locally. This yields a proof of a conjecture of A. D. Wallace [6] in the finite dimensional case.
A topological lattice is a topological space (Hausdorff) upon which is imposed a lattice structure compatible with the topology. More explicitly, the topological space M is a topological lattice if there are maps We shall need several elementary lemmas on topological lattices. Lemmas 2 and 4 were proved in [1] , however for completeness we prove them here. Lemma Such sets C XtV will be called convex sets. It is clear that if M is a compact topological lattice, then its convex subsets are also compact topological lattices in their natural lattice and topological structures.
LEMMA 4. If M is a compact topological lattice and U is a neighborhood of x, then there is a nighborhood V of x such that if y e V, then
Let W be a neighborhood of x as in Lemma 3 and V be a neighborhood of x for W as in Lemma 2(a). Note that F\ V x (0,1) is the inclusion map of V into Z7 and that F\ V x (0,1) is the trivial map of V onto x. It follows as before that the inclusion map induces the trivial cohomology homomorphism, and hence, that Λf is clc.
In this connection we remark that Lee Anderson [1] has shown that a locally compact connected lattice is locally connected.
An immediate consequence of Theorem 1 and results of E, G. Begle [2] is the following. COROLLARY 
If M is a finite dimensional, compact connected topological lattice, then M has the fixed point property.
A slightly stronger statement is also true; namely, if M is such a lattice and / is an upper semi-continuous mapping of M into the set of its convex subsets, then some element of M lies in its image. THEOREM 
// the compact metric topological lattice M is connected, then it is contractible and locally contractible.
Since M is clc°, it is locally connected. Thus, M is a compact, connected, locally connected metric space. It follows that there is a mapping h:I-»M such that h(0) = (0,1) e M and h(l) = (1, 0) 6 M. Here / denotes the unit interval.
Define H:M x I-+M by H(m, t) = G(m, h).
Then H is the contracting homotopy sought. For V c U as in the proof of Theorem 1,
A consequence of this theorem and standard results on absolute neighborhood retracts (see, for example, [5] Propositions 12.2b, 16.4, 19.2) is the following. COROLLARY 
If M is a finite dimensional, compact metric, connected topological lattice, then it is an absolute retract.
Any convex subset of a compact connected topological lattice has these same properties itself, and is thus acyclic and clc. Furthermore, the intersection of finitely many convex subsets is a convex subset. We shall show that if M satisfies certain additional conditions, it has a neighborhood basis of convex subsets.
A lattice M is said to be distributive if for x,y,z e M = y λ A y 2 A Λ y b , and b is the least number for which this holds. Similarly, one can define the breadth, b u using joins instead of meets. It is then a simple fact that b -b ± (see [3] p. 20). THEOREM Since R is a sublattice of M, the closure R of R is a sublattice of M, and R a W ± . R is a compact topological lattice and by Lemma 1 has a unit a and a zero b. By Lemma 3, C δ)α c U. C 6>α is a neighborhood of x since TF 2δ cRcRc C btCb . In closing we would like to note the following conjectures. Suppose M is a compact, metric, connected, distributive topological lattice. Then (i) M admits sufficiently many lattice homomorphisms onto the unit interval to separate points;
If M is a compact distributive topological lattice of finite breadth and U is a neighborhood of a point x e M, then there is a convex set C VyZ that is a neighborhood of x and lies in U\
(ii) M is an absolute retract; (iii) dimM= breadth of M; and (iv) if dim M = n, M is homeomorphic to a subset of an n-ce\\. D. E. Edmondson has announced [4] an example of a compact, metric connected two dimensional lattice that is modular but not distributive, and that cannot be imbedded in the plane. Lee Anderson has a proof (unpublished) that breadth M ^ dim M. Therefore in Theorem 3 the hypothesis that M has finite breadth may be replaced by the hypothesis that M is finite dimensional.
